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We consider four-dimensional wormholes immersed in bosonic matter. While their existence is
based on the presence of a phantom field, many of their interesting physical properties are be-
stowed upon them by an ordinary complex scalar field, which carries only a mass term, but no
self-interactions. For instance, the rotation of the scalar field induces a rotation of the throat as
well. Moreover, the bosonic matter need not be symmetrically distributed in both asymptotically
flat regions, leading to symmetric and asymmetric rotating wormhole spacetimes. The presence of
the rotating matter also allows for wormholes with a double throat.
PACS numbers: 04.20.Jb, 04.40.-b
I. INTRODUCTION
In General Relativity the non-trivial topology of wormholes can be achieved by allowing for the presence of exotic
matter [1–8]. In the simplest case, a massless phantom (scalar) field can be chosen, whose Lagrangian carries the
opposite sign as compared to the one of an ordinary scalar field. The resulting Ellis wormholes are static spherically
symmetric solutions, connecting two asymptotically flat regions of space-time.
Ellis wormholes may also be coupled to matter fields. For instance, they may be filled by nuclear matter [9–14],
they may be threaded by chiral (Skyrmionic) matter [15], or they may be immersed in bosonic matter consisting of
an ordinary complex boson field with self-interaction [16, 17], or with only a mass term present [18].
As in the case of non-topological solitons and boson stars [19–22] the boson field then has a harmonic time-
dependence, allowing for localized matter fields surrounding a static throat. Since the time-dependence cancels in
the stress-energy tensor, the resulting metric is static. Clearly, there are symmetric wormholes, where the matter is
distributed symmetrically on either side of the throat. Thus these symmetric wormholes possess reflection symmetry.
Due to the non-trivial topology, however, also wormhole solutions appear, where the matter is distributed unevenly
with respect to the spacetime regions on either side of the throat. These asymmetric wormholes always appear in
pairs, where the two solutions of a pair are again related via reflection symmetry.
Ellis wormholes may also rotate [23–27]. A rotation of the throat can be induced by an appropriate choice of the
boundary conditions, allowing for asymptotic flatness in the two asymptotic regions, which, however, are rotating
with respect to one another. On the other hand, a rotation of the throat can also be induced by immersing the throat
into rotating matter [18]. In that case, the boundary conditions can be chosen symmetrically in the two asymptotic
regions, and thus these need not rotate with respect to one another.
These wormholes immersed in rotating matter possess interesting properties [18]. Depending on their physical
parameters, their geometry can change from exhibiting a single throat to developing an equator surrounded by a
throat on either side, i.e., these wormholes then feature a double throat geometry. These wormholes also possess
ergoregions and an interesting lightring structure. Here we show that, like their non-rotating counterparts, they also
come in two versions, namely symmetric and asymmetric wormholes, where the asymmetric wormholes again always
come in pairs related to each other via reflection symmetry.
The study of rotating wormholes is rather attractive from an astrophysical point of view, since rotation is ubiquitous
in the Universe, and first astrophysical searches for wormholes have already been carried out [28–30]. In this respect
studies of the properties of wormholes as gravitational lenses are highly relevant [31–38], and so are studies of their
shadows [39, 40] together with the signatures of accretion disks surrounding them [41, 42].
∗Email:christian.hoffmann@uni-oldenburg.de
†Email:ti3@auth.gr
‡Email:sarah.kahlen@uni-oldenburg.de
§Email:b.kleihaus@uni-oldenburg.de
¶Email:jutta.kunz@uni-oldenburg.de
2Here we investigate the basic physical properties of wormholes immersed in rotating bosonic matter, which does not
possess any self-interaction, focusing on the new aspect of the presence of symmetric and asymmetric solutions. The
set of field equations is symmetric with respect to reflection of the radial coordinate at the center, and the boson field
and the metric possess the same boundary conditions in both asymptotically flat regions. The solutions, however,
may be either symmetric or asymmetric with respect to such a reflection, and asymmetric solutions exist at least
within a certain domain of the parameter space.
We remark that the solutions investigated here are quite different from those (non-rotating) solutions studied before,
which are based on a complex boson field with a sextic self-interaction [17]. There, the mechanism of spontaneous
symmetry breaking arises, which is known in diverse contexts in physics, ranging from ferromagnetic materials to the
generation of mass of the elementary particles via the Higgs mechanism (see e.g., [43]). It applies to systems, where
the ground state of a system does not display the full symmetry of the underlying set of equations.
The paper is organized as follows. In section II we provide the theoretical setting for the wormhole solutions. We
present the action, the Ansa¨tze, the equations of motion, the boundary conditions, as well as the expressions for the
global charges, the geometrical properties, and the lightrings. In section III we first demonstrate that for the present
case of a boson field with a mass term only, there are no non-trivial solutions in the probe limit. Subsequently we
address the solutions of the fully gravitating system, starting with the non-rotating case. For the rotating case we
then consider solutions with the lowest values of the rotational quantum number, entering the Ansatz for the boson
field analogously to the well-known case of rotating boson stars [44–50]. In particular, we analyze their global charges,
discuss their bifurcations, illustrate their geometrical properties, and address their lightring structure. We end with
our conclusions in section IV.
II. THEORETICAL SETTING
In the following we first present the action employed for obtaining wormholes in the presence of rotating bosonic
matter. We then discuss the Ansa¨tze for the metric and the scalar fields, exhibit the resulting set of field equations,
and present an adequate set of symmetric boundary conditions. Subsequently we discuss the global charges of the
solutions. We present the formulae for the analysis of their geometrical properties, including their throat(s) and
equator, and we provide the basis for the analysis of their lightrings.
A. Action
We start from an action in four spacetime dimensions, where General Relativity is minimally coupled to a complex
scalar field Φ and a real phantom field Ψ. The action S
S =
∫ [
1
2κ
R+ Lph + Lbs
]√−g d4x (1)
then contains besides the Einstein-Hilbert action with curvature scalar R, coupling constant κ = 8piG and metric
determinant g, the respective matter contributions, the Lagrangian Lbs of the complex scalar field Φ
Lbs = −1
2
gµν (∂µΦ
∗∂νΦ + ∂νΦ
∗∂µΦ)−m2bs|Φ|2 , (2)
where the asterisk denotes complex conjugation and mbs denotes the boson mass, as well as the Lagrangian Lph of
the phantom field Ψ,
Lph = 1
2
∂µΨ∂
µΨ , (3)
which carries the reverse sign as compared to the kinetic term of the complex scalar field Φ [1–8].
By varying the action with respect to the metric we obtain the Einstein equations
Gµν = Rµν − 1
2
gµνR = κTµν (4)
with stress-energy tensor
Tµν = gµνLM − 2∂LM
∂gµν
, (5)
3where we have denoted the sum of the scalar field Lagrangians by LM = Lph + Lbs. By varying with respect to the
scalar fields we obtain the phantom field equation
∇µ∇µΨ = 0 , (6)
and the equation for the complex scalar field
∇µ∇µΦ = m2bsΦ . (7)
For convenience we introduce dimensionless scalar fields and a dimensionless coordinate
Φˆ =
√
κΦ , Ψˆ =
√
κΨ , ηˆ =
1
λ
η , (8)
yielding
Gˆµν = Tˆµν , (9)
where the mass term of the complex boson field mˆ2bs|Φˆ|2 now contains the dimensionless mass parameter
mˆbs =
(
mbs
mP
)(
M0
mP
)
, (10)
with the mass scaleM0 being related to the length scale byM0 = λ/G, and mP denotes the Planck mass. Throughout
the paper we will choose mˆbs =
√
1.1. In the following we will omit the hats again for simplicity.
B. Ansa¨tze
The line element for the metric incorporates the non-trivial topology of the wormhole solutions,
ds2 = −efdt2 + eq−f [eb(dη2 + hdθ2) + h sin2 θ(dϕ − ωdt)2] , (11)
where f , q, b and ω are functions of the radial coordinate η and the polar angle θ, and h = η2 + η20 is an auxiliary
function, which contains the throat parameter η0. The radial coordinate η takes positive and negative values, i.e.
−∞ < η < ∞. The two limits η → ±∞ correspond to two distinct asymptotically flat regions, associated with M+
andM−, respectively.
For the complex scalar field Φ we adopt the same Ansatz as the one usually employed for rotating Q-balls and
boson stars [44–50],
Φ(t, η, θ, ϕ) = φ(η, θ) eiωst+inϕ , (12)
where φ(η, θ) is a real function, ωs denotes the real boson frequency, and n is the integer winding number or rotational
quantum number. Finally, the Ansatz for the phantom field Ψ is chosen to depend only on the coordinates η and θ,
Ψ(t, η, θ, ϕ) = ψ(η, θ) . (13)
C. Einstein and Matter Field Equations
After substituting the above Ansa¨tze into the Einstein equations Eνµ = G
ν
µ − T νµ = 0 we obtain the following set of
coupled field equations
f,ηη +
f,θθ
h
+ f,η
hq,η + 4η
2h
+ f,θ
2 cot θ + q,θ
2h
− eq−2f sin2 θ (hω2,η + ω2,θ) = 4 [2(nω + ωs)2 −m2bsef] eb+q−2fφ2 , (14)
q,ηη +
q,θθ
h
+
q2,η
2
+
3ηq,η
h
+
q2,θ
2h
+
2q,θ cot θ
h
= 8
(
eq−2fh
[
(nω + ωs)
2 −m2bsef
]
sin2 θ − n2)φ2 eb
h sin2 θ
, (15)
4b,ηη +
b,θθ
h
+ b,η
η
h
+
1
2
(
f2,η +
f2,θ
h
− q2,η −
q2,θ
h
− 4
h
(cot θq,θ + ηq,η) +
4
h
(
1− η
2
h
)
− 3eq−2fh
(
ω2,η +
ω2,θ
h
)
sin2 θ
)
= 2
(
ψ2,η +
ψ2,θ
h
)
− 4
(
φ2,η +
φ2,θ
h
)
− 4 (eq−2fh [(nω + ωs)2 −m2bsef ] sin2 θ − 3n2)φ2 eb
h sin2 θ
, (16)
ω,ηη +
ω,θθ
h
+
ω,η
2
(
3q,η − 4f,η + 8η
h
)
+
ω,θ
2h
(3q,θ − 4f,θ + 6 cot θ) = 8n(nω + ωs)φ2 e
b
h sin2 θ
, (17)
which result from Ett = 0, E
η
η + E
θ
θ = 0, E
ϕ
ϕ = 0 and E
t
ϕ = 0. The matter field equations are obtained from the
Euler-Lagrange equations,
∂µ
(
∂Lm
∂φ,µ
)
− ∂Lm
∂φ
= 0 , ∂µ
(
∂Lm
∂ψ,µ
)
− ∂Lm
∂ψ
= 0 , (18)
where Lm = (Lbs + Lph)√−g. They read
φ,ηη +
φ,θθ
h
+
φ,η
2
(
q,η + 4
η
h
)
+
φ,θ
2h
(q,θ + 2 cot θ) +
(
eq−2fh
[
(nω + ωs)
2 −m2bsef
]
sin2 θ − n2)φ eb
h sin2 θ
= 0 , (19)
ψ,ηη +
ψ,θθ
h
+
ψ,η
2
(
q,η + 4
η
h
)
+
ψ,θ
2h
(q,θ + 2 cot θ) = 0 . (20)
This system of equations is symmetric with respect to reflection, η → −η. Thus it allows for reflection symmetric
solutions, i.e., solutions whose functions are either symmetric or antisymmetric under reflection symmetry, η → −η.
However, as we will see below, it also allows for solutions, which are asymmetric, when η → −η. These asymmetric
solutions, however, then always come in pairs, where the two solutions of a pair are related via the transformation
η → −η.
D. Boundary Conditions
In order to solve the above set of six coupled partial differential equations (PDEs) of second order, we have to
impose boundary conditions for each function at the boundaries of the domain of integration consisting of the two
asymptotic regions η → ±∞, the axis of rotation θ = 0, and the equatorial plane θ = pi/2.
Our choice of boundary conditions is guided by considerations of symmetry. In particular, we here would like to
impose symmetric boundary conditions for the metric and the complex boson field, i.e., boundary conditions which
are the same for η → ∞ and η → −∞. Then also symmetric solutions will be found, as briefly discussed in [17].
However, asymmetric solutions arise as well, and in that case the asymmetry appearing in the solutions is not enforced
via the boundary conditions.
Let us now detail our choice of boundary conditions. We demand in both asymptotic regions a Minkowski metric
and a vanishing boson field
f(η, θ)|η→±∞ = q(η, θ)|η→±∞ = b(η, θ)|η→±∞ = ω(η, θ)|η→±∞ = φ(η, θ)|η→±∞ = 0 . (21)
Along the rotation axis regularity requires
∂θf(η, θ)|θ=0 = ∂θq(η, θ)|θ=0 = ∂θω(η, θ)|θ=0 = 0 , b(η, θ)|θ=0 = φ(η, θ)|θ=0 = 0 . (22)
Imposing reflection symmetry with respect to the equatorial plane yields
∂θf(η, θ)|θ=pi
2
= ∂θq(η, θ)|θ=pi
2
= ∂θb(η, θ)|θ=pi
2
= ∂θω(η, θ)|θ=pi
2
= ∂θφ(η, θ)|θ=pi
2
= 0 . (23)
For the phantom field the boundary conditions need special care. Analogous to the other functions, regularity and
reflection symmetry with respect to the equatorial plane require
∂θψ(η, θ)|θ=0 = ∂θψ(η, θ)|θ=pi
2
= 0 . (24)
However, since only derivatives of the phantom field enter the PDEs, we can make any choice ψ(η, θ)→ ψ0 as η →∞.
The boundary condition at η = −∞ is then determined from the asymptotic form of the solutions as η → −∞,{
2η2∂η
(
η2∂ηb
)
+ sin2 θ
[(
η2∂ηf
)2 − 4 (η2∂ηψ)2 + 4η2∂η (η2∂ηq)+ 4η20]}
η→−∞
= 0 . (25)
5E. Mass, angular momentum and particle number
With each of the two distinct asymptotically flat regions,M±, we can associate a mass,M±, an angular momentum,
J±, and a particle number, Q±, where the signs of the global charges refer to the signs of M±. The mass and the
angular momentum can be obtained from the asymptotic behaviour of the metric functions
f −→ ∓2M±
η
, ω −→ 2J±
η3
as η → ±∞ . (26)
For symmetric solutions the global charges are the same in both asymptotically flat regions. Therefore, we will
omit the index ± for symmetric solutions. Their particle number Q is related to the angular momentum J via the
well-known relation J = nQ [44–50] which also holds in this case [18].
For the asymmetric solutions the values of the mass in the two asymptotic regions differ from each other, and so
do the values of the angular momentum. However, because the two asymmetric solutions of a pair are related via
η → −η, their masses are related via M± →M∓, and likewise their angular momenta via J± → J∓.
For the asymmetric solutions also the extraction of the respective particle numbers Q± is more involved, since
the choice of the inner boundary is ambiguous, when the usual integral over the time-component of the conserved
current is performed, as discussed in [17]. Therefore a trick may be applied, introducing a coupling to a fictitious
electromagnetic field, such that the particle number can be read off asymptotically as the electric charge associated
with the gauge field. This approach is outlined in Appendix A.
F. Geometrical properties
From the geometrical side it is most interesting to analyze the throat structure for these wormholes. To that end
we consider the circumferential radius Re(η) in the equatorial plane,
Re(η) =
√
h e
q−f
2
∣∣∣
θ=pi/2
. (27)
The minima of the circumferential radius Re then correspond to throats, while the local maxima correspond to
equators. Since the circumferential radius Re(η) increases without bound in the asymptotic regions,M±, any equator
must reside between two throats.
For symmetric solutions the center η = 0 will always correspond to either a throat or an equator. For asymmetric
solutions this will no longer be the case. Here the location of the single throat will shift away from η = 0, and when
an equator arises, this can happen far from η = 0, as well, as we will see below.
G. Ergoregion and lightrings
Further physical quantities of interest are the location of the ergoregion and the presence of lightrings. The condition
gtt > 0 defines the ergoregion, i.e., it represents the region where the time-time component of the metric is positive.
Its boundary is referred to as ergosurface. Here the condition
gtt(η, θ) = 0 (28)
holds.
To find the lightrings we consider the geodesic motion of massless particles in the equatorial plane. This leads to
the equation of motion
η˙2 =
L2
e(b−q)
(
E
L
− V+(η)
)(
E
L
− V−(η)
)
, (29)
with V±(η) =
(
ω ∓ e
f−q/2
√
h
)
, (30)
where E and L are the particle energy and angular momentum, respectively. For circular orbits the derivatives η˙ and
dη˙
dη must vanish. Consequently, the location of the lightrings ηlr is determined by the extrema of the potentials V±(η),
and by the ratio EL , i.e.
E
L = V±(ηlr).
6III. SOLUTIONS
In this section we present and analyze the wormhole solutions immersed in bosonic matter. First we will argue that
in the probe limit no solutions with a non-trivial boson field exist. Then we will turn to the gravitating solutions,
starting with the non-rotating case and subsequently address the rotating case, which represents the main focus of
the present work. In both cases we will consider the properties of the symmetrical and asymmetrical solutions.
The gravitating wormhole solutions depend on three continuous parameters, the boson mass mbs, the boson fre-
quency ωs, and the throat parameter η0, and on the integer winding number n. Note that the set of Einstein equations
and matter field equations is invariant under the scaling transformation
η → λη , η0 → λη0 , ω → 1
λ
ω , ωs → 1
λ
ωs , mbs → 1
λ
mbs . (31)
Here we choose mbs =
√
1.1 for the boson mass to break the scaling invariance. The remaining free parameters are
then the boson frequency ωs, the throat parameter η0, and the winding number n.
A. Probe limit
In the probe limit we assume a fixed spacetime background. For the given boundary conditions the background is
just the static Ellis wormhole, since a rotating Ellis wormhole would need asymmetric boundary conditions [25, 26].
In this case all the metric functions (except for the auxiliary function h = η2 + η20) are zero.
Integration of the field equation for the boson field, Eq. (19), over the whole space then leads to
2hφ,η|∞−∞ =
∫ [(
m2bs − ω2s
)
+
n2
h sin2 θ
]
hφ(η, θ) sin θdηdθ . (32)
Assuming first that m2bs > ω
2
s as to allow for exponentially decaying solutions, the right hand side is positive unless
φ vanishes identically. Consequently, the left hand side must be non-vanishing as well, which implies that the boson
field should behave like B±/η, with constants B±, in the asymptotic regions. In this case, however, we would find
hφ→ ηB±, and the integral in Eq. (32) would not exist. Consequently, only the trivial solution φ = 0 remains in the
probe limit.
We note, however, that this result does not hold true, if the bosonic potential includes adequate self-interaction
terms. Then a non-trivial probe limit exists, as has been demonstrated for the non-rotating case [17]. A non-trivial
probe limit exists also in the rotating case in five dimensions, when such self-interactions are present [51], and we
expect it in the corresponding four-dimensional rotating case, as well.
This very different behaviour for the case without and with self-interaction is not unexpected. On the contrary, we
know that also for the case of a trivial spacetime background, such as a simple Minkowski spacetime, there are no
localized finite energy solutions of the boson field, when there is only a mass term for the boson field. The localized
Q-ball (or non-topological soliton) solutions, in contrast, require a sextic potential for their existence.
In this latter case of a sextic self-interaction of the matter fields, the replacement of the Minkowski background
with a topologically non-trivial wormhole background has brought forward the interesting phenomenon of spontaneous
symmetry breaking [17]. Here in a certain range of the parameter space, the equations allow not only for symmetric
solutions, where the boson field configuration is symmetric under reflection symmetry, but it allows also for asymmetric
solutions, where the latter come in pairs, which are energetically favoured as compared to the symmetric solutions
[17].
When gravity is coupled, all these solutions continue to exist, and thus the phenomenon of spontaneous symmetry
breaking is retained in the presence of gravity for wormholes immersed in self-interacting bosonic matter. Here we
will show that the absence of a non-trivial probe limit for the case of bosons without self-interaction is associated with
the absence of the analogous phenomenon of spontaneous symmetry breaking in the gravitating case. Still there will
be symmetric and asymmetric gravitating solutions, but the asymmetric solutions are no longer always energetically
favoured.
B. Non-rotating solutions
Let us now turn to the gravitating solutions. For vanishing rotational quantum number, n = 0, the Ansatz simplifies
considerably and so does the set of Einstein equations and matter field equations. Now all functions depend only
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Figure 1: Non-rotating solutions (n = 0): (a) the scaled mass M/η0 and the scaled particle number Q/η0 versus the boson
frequency ωs for throat parameter η0 = 1; (b) same as (a) for η0 = 3; (c) the mass M versus the particle number Q for throat
parameter η0 = 1; (d) same as (c) for η0 = 3; (e) the quantity ωsQ/M versus the boson frequency ωs for throat parameters
η0 = 1 and 3; (f) the value of the boson field at the center φ0 = φ(0) versus the boson frequency ωs for throat parameters
η0 = 1 and 3. The dashed and solid curves correspond to the symmetric and asymmetric solutions, respectively. The dots
indicate the bifurcation point of the asymmetric solutions.
on the radial coordinate η, and the metric functions b and ω are trivial, b = 0 and ω = 0. The system of partial
differential equations reduces to a system of ordinary differential equations.
8We have solved these ordinary differential equations in the full range of the boson frequency 0 < ωs < mbs, selecting
for the throat parameter the values η0 = 1 and 3. In Fig.1 we present the main features of these solutions. Figs.1(a)
and 1(b) show the mass M and particle number Q versus the boson frequency ωs for η0 = 1 and η0 = 3, respectively.
Also shown is the mass of Q free particles, Mfree = mbsQ, for comparison.
For large values of the boson frequency ωs both symmetric and asymmetric solutions exist. As noted above, the
latter always appear in pairs, since for any asymmetric solution we obtain a second asymmetric solution by the
transformation η → −η. Then we can consider the three masses shown in the figures as representing the masses of
these three solutions at either asymptotically flat region. By going from M+ to M− the masses M+ and M− will
only be interchanged.
In the limit ωs → mbs, the mass and particle number tend to zero. In fact, the boson field vanishes in this limit. The
limiting solution, then, is the massless Ellis wormhole. Whereas the symmetric solutions extend down to arbitrarily
small values of ωs, the asymmetric solutions merge with the symmetric ones at some critical value ω
cr
s , which depends
on η0, as seen in the figures.
Figs.1(c) and 1(d) show the mass as a function of the particle number for the same sets of solutions. We observe
that for η0 = 1 the mass of the symmetric solutions exhibits two spikes corresponding to three branches of solutions.
On the first branch the mass increases with the particle number up to a local maximum. A second branch then
extends back to smaller values of the mass and particle number until a local minimum is reached. Here a third branch
arises along which the mass increases again monotonically with the particle number. In contrast, for η0 = 3 the mass
of the symmetric solutions increases monotonically with the particle number, forming only a single branch. For the
pair of asymmetric solutions the mass forms a loop, both for η0 = 1 and η0 = 3. The bifurcation point at ω
cr
s , where
the asymmetric branches end, is indicated by a dot in the figures.
When considering the phenomenon of spontaneous symmetry breaking, observed before in the presence of self-
interactions of the boson field [17], we realize the absence of this phenomenon in the present sets of solutions.
While there are symmetric and asymmetric solutions in a certain interval of the parameter space here, as well, we
cannot interpret these as arising on energetic grounds. In the case of self-interaction, for a given particle number
both asymmetric solutions possess a smaller mass than the symmetric solution. Thus the asymmetric solutions are
energetically favoured over the symmetric solutions in the interval where they exist. (Note, that only in the small
interval close to ωmax one cannot discern any difference between the three masses.)
In contrast, without the self-interaction present, only the mass of one of the sets of asymmetric solutions is always
smaller than the mass of the symmetric solutions for a given particle number. The mass of the other set of asymmetric
solutions, however, is larger than the mass of the symmetric solutions for a given particle number in a large range of
the interval. In particular, at the bifurcation point the mass of one set of asymmetric solutions approaches the mass
of the symmetric solution from below, while the mass of the other set of asymmetric solutions approaches from above.
The energetics of the boson field does not seem to be sufficiently relevant in the present case to give rise to the
phenomenon of spontaneous symmetry breaking. Here both symmetric and asymmetric solutions seem to exist, at
least in a part of the parameter space, simply because the field equations and the boundary conditions allow for them
to exist, when the spacetime topology is non-trivial.
Inspecting Figs.1(a) and 1(b) again, we note that in the limit ωs → 0 the mass and particle number seem to
diverge for the symmetric solutions. (The asymmetric ones have ceased to exist below ωcrs .) Remarkably, however, the
quantity ωsQ/M tends to one in this limit, corresponding to M = ωsQ+ · · · , as seen in Fig.1(e). On the other hand
the boson field vanishes as ωs → 0, as seen in Fig.1(e), where its central maximal value φ0 is exhibited versus the boson
frequency, which seems hard to reconcile with a diverging particle number and mass. To gain some understanding of
this limit we will address the behaviour of the solutions in this limit in Appendix B.
C. Rotating solutions
We now turn to the rotating solutions. What makes these solutions so special is that the rotation is not imposed
via the boundary conditions, as done in the case of the rotating Ellis wormholes [25, 26]. Instead the rotation of the
wormholes is generated by the rotation of the bosonic matter into which the wormholes are immersed. This allows
for wormhole configurations, where both asymptotically flat regions are completely symmetric [18]. However, besides
these symmetric solutions the non-trivial topology allows for asymmetric solutions, as well, as we show below.
We have constructed numerically solutions for the rotational quantum numbers n = 1 and n = 2, and for the values
of the throat parameter η0 = 1 and η0 = 3, covering the interval of the boson frequency 0.3 ≤ ωs ≤ 1.03. For values
of ωs outside this interval the numerical errors have increased too much, making the solutions no longer fully reliable.
We have solved the system of coupled partial differential equations with the help of the routine FIDISOL/CADSOL
[52], a finite difference solver based on a Newton-Raphson scheme. To obtain a finite coordinate patch, we have made
9a coordinate transformation to a compactified coordinate x = arctan(η/η0). We have then chosen a non-equidistant
grid, employing typically 100× 40 grid points in radial direction x and angular direction θ, respectively.
In the following we first consider the global charges of the resulting wormhole solutions. Then we address their
ergoregions, their geometry, and their lightrings. We always consider symmetric and asymmetric solutions.
1. Global charges
Let us start our discussion of the wormhole solutions immersed in rotating bosonic matter by addressing their global
charges, their mass, angular momentum and particle number. In Fig.2 we show the mass and the angular momentum
versus the boson frequency ωs. From Fig.2(a) we observe that for the smallest (non-trivial) rotational quantum
number n = 1 and throat parameter η0 = 3 the situation is analogous to the non-rotating case. The asymmetric
solutions exist only down to a critical value of the boson frequency ωcrs , where they bifurcate with the symmetric
solutions. The latter again seem to exist in the full interval of the boson frequency.
However, for rotational quantum number n = 2 and throat parameter η0 = 3, we do not observe such a bifurcation
of the asymmetric and symmetric solutions any longer. Instead all three sets of solutions, the symmetric one and the
pair of asymmetric ones, appear to persist in the full interval of the boson frequency, as seen in the figure. The same
holds true for throat parameter η0 = 1 and both rotational quantum numbers, n = 1 and n = 2, which is illustrated
in Fig.2(b).
Fig.2(c) and 2(d) show the angular momentum J , scaled by the respective rotational quantum number n, for the
same sets of solutions. We note, that the scaled angular momentum J/n exhibits a very similar behaviour as the mass
of the solutions.
Fig.2(e) and 2(f) show the particle number Q computed as outlined in Appendix A for the same sets of solutions.
Also the particle number exhibits a very similar behaviour as the mass and the scaled angular momentum of the
solutions.
We note, that for the symmetric solutions in Fig.2 additional structures are present, which can be traced back to
the presence of a spiral in boson star solutions [19–22]. This spiral, however, unwinds when a negative energy density
is present [16, 17, 53]. In particular, we observe that backbending of the curves occurs (except for n = 1 and η0 = 3),
i.e. mass and angular momentum are then no longer uniquely characterized by the boson frequency ωs. This is in
contrast to the asymmetric solutions, where the mass, angular momentum and particle number are unique functions of
the boson frequency. In fact, the mass, angular momentum and particle number of all asymmetric solutions decrease
monotonically with increasing boson frequency ωs, except for M+, J+, and Q+ for η0 = 3 and n = 1. In the latter
case M+, J+, and Q+ possess (local) maxima, but these do not occur at the same value of the boson frequency ωs.
Let us now consider the dependence of the mass on the particle number for these sets of solutions. In Fig.3 we
exhibit the mass M versus the particle number Q for rotational quantum number n = 1 and throat parameter η0 = 3
(Fig.3(a)) respectively η0 = 1 (Fig.3(b)), as well as for n = 2, η0 = 3 (Fig.3(c)) respectively η0 = 1 (Fig.3(d)). Also
shown is the mass of Q free particles, Mfree = mbsQ, for comparison.
The case of rotational quantum number n = 1 and throat parameter η0 = 3 (Fig.3(a)) is analogous to the one of
the non-rotational case discussed above. Here the set of symmetric solutions forms three branches. On each branch
the mass changes monotonically with the particle number. A first branch extends from the vacuum up to some (local)
maximum value of the particle number Q, where it merges with a second branch, which bends back to some (local)
minimum value of Q. At this point a third branch arises and extends up to arbitrary large values of Q. On the
interval where all three branches co-exist the mass is smallest on the first branch and largest on the third branch.
The line representing the mass of free particles intersects the second and the third branch. Thus M < Mfree on the
first branch and on the third branch for large enough Q, whereas M > Mfree on most of the second branch and a
small part of the third branch.
Let us now turn to the asymmetric solutions. BothM+(Q+) andM−(Q−) emerge from the vacuum, withM+ ≥M−.
They merge and bifurcate with the symmetric solutions on the third branch of the symmetric solutions. We note
that M+(Q+) and M−(Q−) are smaller than Mfree. Comparing with the mass of the symmetric solutions for some
fixed particle number, we note that M− is always the smallest, all the way up to the bifurcation point. M+ is smaller
than the mass M of the symmetric solutions on the first and on the second branch, although it is remarkably close
to the mass M on the first branch. Finally, M+ intersects the mass M on the third branch, and exceeds M from the
intersection point until the bifurcation point is met.
For small particle number there exist three solutions, a symmetric solution and a pair of asymmetric solutions. In
the interval where the second branch of symmetric solutions is present, there are five solutions, three symmetric ones
and again a pair of asymmetric solutions. For larger values of the particle number, up to the bifurcation point again
three solutions exist. Between the bifurcation point and the maximal value of Q+ also three solutions exist. Here, in
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Figure 2: Global charges of rotating solutions: (a) mass M versus boson frequency ωs for rotational quantum number n = 1
and n = 2 for the symmetric (dashed) and asymmetric (solid) solutions for throat parameter η0 = 3; (b) same as (a) for η0 = 1;
(c) scaled angular momentum J/n versus the boson frequency ωs for rotational quantum number n = 1 and n = 2 for the
symmetric (dashed) and asymmetric (solid) solutions for throat parameter η0 = 3; (d) same as (c) for η0 = 1. (e) particle
number Q versus the boson frequency ωs for rotational quantum number n = 1 and n = 2 for the symmetric (dashed) and
asymmetric (solid) solutions for throat parameter η0 = 3; (f) same as (e) for η0 = 1.
addition to the symmetric one there are two asymmetric solutions corresponding to two branches of M+(Q+). For
even larger values of Q only symmetric solutions are present.
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Figure 3: Global charges of rotating solutions: (a) Mass M versus particle number Q for rotational quantum number n = 1 for
the symmetric (dashed) and asymmetric (solid) solutions with throat parameter η0 = 3; (b) same as (a) for η0 = 1; (c) same
as (a) for n = 2; (d) same as (c) for η0 = 1. Also shown is the mass of Q free bosons (thin dotted).
Let us now turn to the case η0 = 1 and n = 1 presented in Fig.3(b). Again the symmetric solutions form three
branches. But now the mass is largest on the second branch. The first and the third branch then intersect at a
certain value Qint. For smaller values of Q the mass is lowest on the first branch, for larger Q it is lowest on the third
branch. As in the case of Fig.3(a) for η0 = 3 the line showing the mass of Q free particles intersects the second and
the third branch. Since the asymmetric solutions do not bifurcate with the symmetric ones for η0 = 1 and n = 1,
M+ and M− extend up to arbitrarily large values of Q. Both increase monotonically with increasing particle number,
and M+ ≥M−. M+ is close to the mass M of the symmetric solutions on the first branch, and exceeds the mass M
on the third branch for Q > Qint. Similarly to the previous case, for small and large values of Q three solutions are
present, while five solutions exist for an intermediate interval.
Now we turn to winding number n = 2. The case for throat parameter η0 = 3 is shown in Fig.3(c). Starting with
the symmetric solutions we observe again three branches. In this case, however, the second branch almost coincides
with (part of) the third branch, and can hardly be distinguished in the figure. The asymmetric solutions also behave
similarly to the case η0 = 1 and n = 1. Again M+ is close to the mass of the symmetric solutions on the first branch,
but exceeds the mass on the third branch for sufficiently large values of the particle number. The case η0 = 3 and
n = 2 (Fig.3(d)) is qualitatively similar, as well.
We remark, that the phenomenon of spontaneous symmetry breaking remains absent also in the case of rotation.
This is not surprising, since the phenomenon is based on a sufficiently strong self-interaction of the boson field, as we
have discussed above. If we were to allow for such self-interactions, we would expect this phenomenon to make its
reappearance in the presence of rotation.
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Figure 4: Ergoregion(s) of rotating solutions: (a) the coordinate ηergo of the ergosurface(s) in the equatorial plane versus the
boson frequency ωs for rotational quantum number n = 1 and n = 2 for the symmetric and asymmetric solutions for throat
parameter η0 = 3; (b) same as (a) for η0 = 1; (c) the metric component gtt in the equatorial plane versus the radial coordinate
η for throat parameter η0 = 1, rotational quantum number n = 2 and several values of the boson frequency ωs.
2. Ergoregions
We now turn to the ergoregions of the rotating solutions. In Fig.4 we exhibit the coordinate ηergo of the ergo-
surface(s), in the equatorial plane versus the boson frequency ωs for the same sets of solutions as discussed above.
We immediately observe that ergoregions exist only if the boson frequency ωs is smaller than some maximal value,
which depends on the throat parameter η0, on the rotational quantum number n, and on whether the solutions are
symmetric or asymmetric.
Let us now consider the ergoregions in more detail, starting with the case of throat parameter η0 = 3, shown in
Fig.4(a). We observe that the ergoregions decrease in size with increasing boson frequency ωs, until they degenerate
into a circle, when the respective maximal value of ωs is reached. For the symmetric solutions, this circle then always
resides at the throat, i.e., ηergo = 0. For the asymmetric solutions this circle is considerably shifted. But of course
there is such a circle for either of the two asymmetric solutions, located symmetrically with respect to each other.
We note that the asymmetric solutions for n = 1, which only exist if ωs exceeds a critical value, do not possess an
ergoregion.
We observe the analogous behaviour for the case of throat parameter η0 = 1, shown in Fig.4(b), except for the
symmetric solutions with rotational quantum number n = 2. This latter case is considerably more involved, because
the region where the backbending of the solutions occurs along with its multiple branch structure, resides in this case
at sufficiently small values of the boson frequency to fall into the range of frequencies, where ergoregions are present.
Let us therefore look into more detail for this case. Again, at first the ergoregion decreases in size with increasing
boson frequency ωs, until the third branch ends, when the second branch begins. On the second branch ηergo increases
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with decreasing ωs, reaches a maximum, and then decreases rapidly. In fact, the ergoregion disappears before the
second branch reaches the third branch.
As the boson frequency decreases, in the small interval 0.7256 ≤ ωs ≤ 0.7388 the surface of the ergoregion consists
of two disconnected parts, each one located on one side of the throat, symmetrically with respect to each other.
This is illustrated in Fig.4(c), where the metric component gtt in the equatorial plane is exhibited versus the radial
coordinate η. At ωs = 0.7388, an inner boundary ring appears at the throat, whereas at ωs = 0.7256 the ergoregion
degenerates into two rings, located symmetrically with respect to each other. Beyond this latter frequency there are
no ergoregions found any more along the second branch, and neither along the first branch.
3. Geometrical properties
Let us now address the geometrical properties of the rotating solutions, focusing on the equatorial plane. To this
end we present in Fig.5 and Fig.6 the coordinate ηth of the throat(s), the coordinate ηeq of the equator when present,
the circumferential radius Re(ηth) of the throat(s), the circumferential radius Re(ηeq) of the equator when present,
the rotational velocity vth of the throat(s), and the rotational velocity veq of the equator when present. All quantities
are shown versus the boson frequency ωs. Fig.5 exhibits the solutions for throat parameter η0 = 3, and Fig.6 those
for η0 = 1.
We start the discussion again with the case of rotational quantum number n = 1 and throat parameter η0 = 3,
which features a bifurcation point of the symmetric and asymmetric solutions at a critical boson frequency ωcrs . We
observe that for large values of ωs the wormholes possess only a single throat, until at some particular value of ωs an
equator emerges, as shown in Fig.5(a). For the symmetric wormholes the throat residing at η = 0 then degenerates
into an inflection point. For smaller boson frequency ωs the circumferential radius Re possesses a maximum at η = 0,
corresponding to an equator, while two minima are located symmetrically with respect to η = 0, corresponding to
two throats, as demonstrated in Fig.5(a). Note, that the circumferential radius Re(ηth) of the two throats is of course
the same because of symmetry. Therefore only a single solid blue curve is present in Fig.5(c), also after the equator
with circumferential radius Re(ηeq) (dashed blue) has emerged.
Since the asymmetric wormhole solutions always appear in pairs, with one solution related to the other one via
reflection symmetry, η → −η, the asymmetrically located throats of these two solutions are also related via reflection
symmetry. To discern them in the figure, the throats of the two solutions are indicated in different colours (red and
green). Focusing now on one of the asymmetric solutions only, there is a single throat for large values of the boson
frequency ωs. However, at a particular value of the boson frequency, an inflection point emerges on the opposite side
of the spacetime, turning into an equator and a second throat as the boson frequency decreases. Note, that these
asymmetric wormholes with a double throat exist only in a small region of ωs close to the bifurcation point ω
cr
s with
the symmetric solutions. The insets in Fig.5(a) and Fig.5(c) highlight this region with double throats. Here the
inflection point is indicated by dots, while the bifurcation with the symmetric solutions is indicated by asterisks.
In Fig.5(e) we demonstrate, that the rotation of the matter is indeed inducing a rotation of the throat(s) and
the equator, when present. We therefore exhibit the rotational velocity vth of the throat(s) in the equatorial plane
together with the rotational velocity veq of the equator. We note that for the symmetric solutions the rotational
velocity of the center η = 0, representing first a throat and then an equator, increases monotonically with decreasing
boson frequency. When the double throat emerges, the rotational velocity of these two symmetrically located throats
remains considerably smaller that the rotational velocity of the equator. Concerning the asymmetric solutions we
note, that the rotational velocity of the single throat is smallest. The inflection point arises with a higher rotational
velocity, with the velocity of the equator increasing and the velocity of the throat decreasing towards the bifurcation
point.
In Fig.5(b) and 5(d) we present the geometrical properties for throat parameter η0 = 3 and rotational quantum
number n = 2. The basic difference is the absence of the bifurcation of the symmetric and asymmetric solutions (at
least for ωs > 0.3). Thus once the asymmetric solutions develop an equator and a second throat, these features are
retained as the boson frequency decreases. Also the geometrical properties of the solutions with the smaller throat
parameter η0 = 1, shown in Fig.6 are essentially the same as for this case.
In order to get further insight into the geometry of the wormholes we show in Fig.7 the isometric embedding of
the equatorial plane for asymmetric wormhole solutions with throat parameter η0 = 3, rotational quantum number
n = 2 and several values of the boson frequency ωs as examples. Fig.7(a) exhibits the profile z(ρ) for all three
examples, where a pseudo-euclidean embedding is indicated by dashed lines. The remaining figures represent 3-
dimensional embeddings, where Fig.7(b) and Fig.7(c) correspond to asymmetric double throat solutions (ωs = 0.3,
resp. ωs = 0.4), while Fig.7(d) represents an asymmetric single throat solution with ωs = 0.6.
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Figure 5: Geometric properties of rotating solutions: (a) the coordinate ηth of the throat(s) (solid) and the coordinate ηeq of
the equator (dashed) in the equatorial plane versus the boson frequency ωs for rotational quantum number n = 1 and throat
parameter η0 = 3; (b) same as (a) for n = 2 and η0 = 3; (c) the circumferential radius Re(ηth) of the throat(s) (solid) and
the circumferential radius Re(ηeq) of the equator (dashed) in the equatorial plane versus the boson frequency ωs for rotational
quantum number n = 1 and throat parameter η0 = 3; The dotted black line indicates the limit ωs → mbs. (d) same as (c) for
n = 2 and η0 = 3; (e) the rotational velocity vth of the throat(s) (solid) and the rotational velocity veq of the equator (dashed)
in the equatorial plane versus the boson frequency ωs for rotational quantum number n = 1 and throat parameter η0 = 3; (f)
same as (e) for n = 2 and η0 = 3.
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Figure 6: Geometric properties of rotating solutions: (a) the coordinate ηth of the throat(s) (solid) and the coordinate ηeq of
the equator (dashed) in the equatorial plane versus the boson frequency ωs for rotational quantum number n = 1 and throat
parameter η0 = 1; (b) same as (a) for n = 2 and η0 = 1; (c) the circumferential radius Re(ηth) of the throat(s) (solid) and
the circumferential radius Re(ηeq) of the equator (dashed) in the equatorial plane versus the boson frequency ωs for rotational
quantum number n = 1 and throat parameter η0 = 1; The dotted black line indicates the limit ωs → mbs. (d) same as (c) for
n = 2 and η0 = 1; (e) the rotational velocity vth of the throat(s) (solid) and the rotational velocity veq of the equator (dashed)
in the equatorial plane versus the boson frequency ωs for rotational quantum number n = 1 and throat parameter η0 = 1; (f)
same as (e) for n = 2 and η0 = 1.
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Figure 7: Geometric properties of rotating solutions: embeddings of the equatorial plane of symmetric and asymmetric solutions
with throat parameter η0 = 3, rotational quantum number n = 2 and several values of the boson frequency ωs: (a) profile z(ρ)
for three embeddings with ωs = 0.3, 0.4 and 0.6, where a pseudo-euclidean embedding is indicated by dashed lines; (b) 3D plot
for ωs = 0.3; (c) 3D plot for ωs = 0.4; (d) 3D plot for ωs = 0.6.
4. Lightrings
At last we address the lightrings of these sets of wormhole solutions immersed in rotating bosonic matter. In Fig.8
and Fig.9 we show the properties of the lightrings corresponding to the circular orbits of massless particles in the
equatorial plane. Again we begin the discussion with wormhole solutions with throat parameter η0 = 3 and rotational
quantum number n = 1, exhibited in Fig.8.
Fig.8(a) and 8(b) show the coordinates η±lr , where the lightrings for co-rotating and counter-rotating particles,
respectively, are located. For large values of the boson frequency ωs a single lightring exists for symmetric or asym-
metric solutions and both co-rotating or counter-rotating particles. This changes, when the boson frequency reaches
a particular value, that depends on the symmetry of the wormhole solutions and the orientation of the orbits. When
the boson frequency ωs becomes smaller than this value, two further lightrings appear. One of the lightrings of the
symmetric wormholes is always located at the center η = 0, i.e., either at the throat or at the equator, whereas the
other two lightrings are located symmetrically with respect to η = 0 (when present).
In order to discuss the lightrings of the asymmetric wormholes, let us focus on the solution with throat coordinate
ηth > 0. The lightring which is present already for large values of the boson frequency ωs is always located outside the
throat(s), i.e., η±lr > ηth. This lightring merges with the lightring of the symmetric wormholes, when the asymmetric
and symmetric solutions bifurcate. When ωs assumes a particular value, a pair of lightrings emerges at some negative
coordinate value η±lc . The inner one of these later merges with the lightring of the symmetric wormhole located at
the equator, when the solutions bifurcate. The outer one merges with the corresponding lightring of the symmetric
solutions for negative coordinate η. In the case of counter-rotating massless particles the values of ωs, where multiple
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Figure 8: Lightrings of rotating solutions with throat parameter η0 = 3 and rotational quantum number n = 1 versus the
boson frequency ωs: (a) the coordinate η
+
lr of co-rotating massless particles in the equatorial plane; (b) the coordinate η
−
lr of
counter-rotating massless particles in the equatorial plane; (c) the circumferential radius Re(η
+
lr ); (d) the circumferential radius
Re(η
−
lr ); (e) the ratio of energy E and angular momentum L of the particle scaled with the throat parameter for co-rotating
massless particles; (f) η0E/L for counter-rotating massless particles. Also shown are the coordinates and the circumferential
radii of the ergosurfaces (black lines).
lightrings emerge, are larger than in the co-rotating case. Also shown in the figures are the locations of the throat(s)
and the equator (dotted black) as well as the ergosurface (solid black).
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Figure 9: Lightrings of rotating solutions with throat parameter η0 = 1 and rotational quantum number n = 2 versus the
boson frequency ωs: (a) the coordinate η
+
lr of co-rotating massless particles in the equatorial plane; (b) the coordinate η
−
lr of
counter-rotating massless particles in the equatorial plane; (c) the circumferential radius Re(η
+
lr ); (d) the circumferential radius
Re(η
−
lr ); (e) the ratio of energy E and angular momentum L of the particle scaled with the throat parameter for co-rotating
massless particles; (f) η0E/L for counter-rotating massless particles. Also shown are the coordinates and the circumferential
radii of the ergosurfaces (black lines).
We show in Fig.8(c) and 8(d) the circumferential radii Re(η
±
lr ) of the lightrings for co-rotating and counter-rotating
massless particles, respectively. Also shown are the circumferential radii of the throat(s) Re(η
±
th) and the equator
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Re(η
±
eq) (dotted black) for comparison. We note, that the circumferential radii of the lightrings of co-rotating massless
particles and the circumferential radii of the throats, respectively the equator, almost coincide, except for those of the
pair of lightrings that emerges at the particular value of ωs.
In Fig.8(e) and 8(f) we exhibit the ratio of the energy and angular momentum E/L, scaled with the throat
parameter η0, for the co-rotating and counter-rotating massless particles, respectively. Since the wormhole spacetime
carries negative angular momentum J (by construction), the ratio E/L is negative for co-rotating particles, if we
assume positive energy and negative angular momentum L. On the other hand, for counter-rotating particles L is
then positive. However, as we observe from Fig.8(f), the ratio E/L of the lightring residing at the equator of the
symmetric wormholes becomes negative, when ωs is smaller than a critical value. Comparison with Fig.8(b) shows
that the change of sign occurs exactly, when the lightring enters the ergosphere.
As a second example we demonstrate the properties of the lightrings for the set of solutions with throat parameter
η0 = 1 and rotational quantum number n = 2 in Fig.9. This set is representative for all three sets of solutions, where
we do not observe bifurcations of symmetric and asymmetric solutions. Consequently, the new pairs of lightrings
persists to smaller boson frequencies, once they have appeared, unless further pairs arise, as in the case of symmetric
solutions, where up to five lightrings of counter-rotating massless particles can exist in a certain interval of the boson
frequency. Note, that here the branch structure of the solutions complicates the analysis again.
IV. CONCLUSIONS
We have studied the domain of existence and the physical properties of wormhole solutions immersed in rotating
bosonic matter. These solutions arise in General Relativity, when a complex boson field and a phantom field are
coupled minimally to gravity. For the complex boson field we have only allowed for a mass term, but not for self-
interactions here.
The set of coupled field equations is symmetric with respect to reflection of the radial coordinate, η → −η. In
the presence of rotating matter, the boundary conditions of the metric and the boson field can also be chosen in a
symmetric way in both asymptotically flat spacetime regions. Clearly, symmetric solutions then result, where the
functions possess reflection symmetry. Interestingly, however, also asymmetric solutions arise in the presence of the
non-trivial wormhole topology. However, the reflection symmetry of the system then results in the emergence of pairs
of asymmetric solutions, where the two solutions of a pair are related via a reflection transformation, η → −η.
The complex boson field is characterized by a harmonic time dependence with the boson frequency ωs and by a
rotational quantum number n, analogously to the case of Q-balls or boson stars. The non-trivial topology of the
wormhole spacetime leads, however, to a very different dependence of the solutions on the boson frequency than
in the case of boson stars. In particular, the prominent spirals of boson stars have basically unwound, with some
backbending of the solutions remaining the only reminder of those spirals.
The absence of self-interactions of the boson field has pronounced consequences. In particular, there are no non-
trivial solutions of the boson field in the probe limit. Moreover, the phenomenon of spontaneous symmetry breaking
is not present, which is known to occur for non-rotating wormhole solutions, when a sextic self-interaction is included.
In that case the masses of both asymmetric solutions are smaller than the mass of the symmetric solution for a given
particle number, when the asymmetric solutions bifurcate from the symmetric ones.
Here we have shown that both symmetric and asymmetric solutions can possess an intriguing throat structure. For
the symmetric solutions the center is always either a throat or an equator. In the case of an equator the solutions
represent double throat solutions, where the throats are located symmetrically on either side of the equator. For the
asymmetric solutions the single throat is located asymmetrically with respect to the center, and in the case of double
throat solutions, an equator with the second throat emerge on the opposite side of the spacetime. The wormhole
solutions can also possess ergoregions, when the rotation is sufficiently fast.
Of interest is also the lightring structure of these spacetimes. Here we have only made a rough first analysis of
it, which has revealed that in addition to the single lightring always present further pairs of lightrings can appear.
For instance, in the case of counter-rotating particles we have observed the presence of up to five lightrings. A more
detailed study of these lightrings and, in particular, of the shadows of these rotating wormhole solutions will be given
elsewhere.
Let us briefly address the stability of these wormhole spacetimes immersed in rotating matter. The static Ellis
wormholes are known to possess an unstable radial mode [54–57]. For rotating wormholes such an analysis is much
more involved. However, it has been shown for five-dimensional rotating wormholes, whose two angular momenta
have the same magnitude, that this radial instability disappears, when the wormhole throat rotates sufficiently fast
[58]. This shows that rotation can have a stabilizing effect on the wormhole. Clearly, a stability analysis of these
solutions is called for.
Alternatively, one could also consider wormholes in generalized theories of gravity by replacing General Relativity
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by certain well-motivated gravitational theories, where the phantom field would no longer be needed [59–67], hoping
that the instability would disappear along with the phantom field. A study of rotating wormholes in such generalized
theories of gravity should be one of our next goals to consider.
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Appendix A: Particle number
Here we address the particle number for the asymmetric solutions. We consider the coupling of the complex boson
field to an electromagnetic gauge field in the probe limit. Thus we neglect any backreaction of the gauge field to the
boson field or the gravitational field. The electromagnetic field is determined from
∂µ
(√−ggµσgνρFσρ) = jν√−g , (33)
where Fσρ = ∂σAρ − ∂ρAσ is the field strength of the gauge potenial Aµ, and jν is the current, i.e.
jν = −igνµ (Φ∗∂µΦ− Φ∂µΦ∗) . (34)
As ansatz for the gauge potential we choose
Aµdx
µ = a0(η, θ)dt+ aϕ(η, θ)dϕ . (35)
Substitution in the Maxwell equations (33) yields two PDEs for the functions a0(η, θ) and aϕ(η, θ) to be solved
numerically. As boundary conditions we take
a0(±∞, θ) = aϕ(±∞, θ) = 0 , ∂θa0(η, 0) = aϕ(η, 0) = 0 , ∂θa0(η, pi/2) = ∂θaϕ(η, pi/2) = 0 . (36)
The charges Q± are now determined from the asymptotic behaviour of a0,
a0 → ±Q±
η
as η → ±∞ . (37)
Appendix B: Limit ωs → 0 (n = 0)
We here address the limit ωs → 0 of the non-rotating solutions. In Fig.1 we have seen, that both the mass and
the particle number seem to diverge as the boson frequency approaches its minimal value, ωs → 0. At the same time
the boson field itself seems to vanish, a fact that appears hard to reconcile with the divergence of mass and particle
number. On the other hand, however, we have seem in the figure, that the quantity ωsQ/M → 1 for ωs → 0.
In order to get some insight into this intriguing situation, let us inspect the behaviour of the solutions in this limit.
To this end we exhibit in Fig.10 the metric functions f and q for a sequence of solutions with decreasing central values
of the boson field φ0. We observe from Fig.10(a) that the function f assumes a wedge form whose minimum decreases
as φ0 decreases. The dotted lines show the symmetrized massive Ellis wormholes whose metric function reads
fE(x) =
2M
η0
(
|x| − pi
2
)
, x = arctan
(
η
η0
)
, (38)
and which possess the same mass M as the wormholes immersed in bosonic matter.
Fig.10(b) shows the relative difference f(x)/fE(x) − 1. We observe that this difference becomes smaller with
decreasing φ0 and seems to vanish as φ0 → 0. On the other hand, we note from Fig.10(c) that the metric function
q(x) vanishes as φ0 tends to zero, which is also consistent with the case of the massive Ellis wormhole. Fig.10(d)
shows the boson field on a small interval around the center x = 0. We note that the function φ(x) decreases along
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Figure 10: Non-rotating solutions (n = 0) for throat parameter η0 = 3 and central value of the boson field φ0 = 0.4, 0.2 and 0.1:
(a) the metric function f(x) versus the compactified radial coordinate x = arctan(η/η0), the dotted curves show the function
fE(x) of the symmetrized Ellis wormholes with the same values of the mass; (b) the relative difference between f(x) and fE(x);
(c) the metric function q(x); (d) the boson function φ(x) close to the center x = 0.
with its maximum φ0. At the same time the interval where φ(x) is noticeably different from zero diminishes with
decreasing φ0.
Some insight may come from the field equation of the boson field. For the non-rotating case it reads(
e
q
2 hφ′
)′
= e
3q
2
−f
[
m2bs − ω2se−f
]
φh . (39)
Integration from −∞ to ∞ yields
e
q
2 hφ′
∣∣∣∞
−∞
=
∫ ∞
−∞
e
3q
2
−f
[
m2bs − ω2se−f
]
φhdη . (40)
Since the boson field decays exponentially the left hand side vanishes. Consequently, the right hand side also has to
vanish. Taking into account that φ is non-negative, we conclude that the term in the brackets has to change sign.
We observe that f assumes its (only) minimum at η = 0, which implies that the term in the brackets also assumes its
minimum at η = 0 and is negative there. Thus we arrive at the condition (f0 = f(0))
m2bs − ω2se−f0 ≤ 0 ⇐⇒ ef0 ≤
ω2s
m2bs
. (41)
Consequently, we conclude that f0 → −∞ as ωs → 0.
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Figure 11: Non-rotating solutions: (a) the ratio ef0m2bs/ω
2
s versus the boson frequency ωs for throat parameter η0 = 1 and 3;
(b) the scaled functions f(x)/ ln(ω2s/m
2
bs) versus the compactified coordinate x = arctan(η/η0) for throat parameter η0 = 3 and
central values of the boson field φ0 = 0.4, 0.2, 0.1, also shown is the function 1−2|x|/pi; (c) the quantity 1+Mpi/η0 ln(ω2s/m2bs)
versus the square root of the boson frequency
√
ωs for throat parameter η0 = 1 and 3 (with thin dotted extrapolation to
ωs = 0).
In Fig.11(a) we show the ratio ef0m2bs/ω
2
s versus the boson frequency ωs for throat parameters η0 = 1 and 3. We
note that this ratio tends to the value one as ωs → 0. However, in this limit the integrand in Eq. (40) becomes
non-negative and solutions cease to exist, except for the case that the boson field φ vanishes identically.
In Fig.11(b) we now exhibit the scaled metric function f(x)/ ln(ω2s/m
2
bs) for throat parameter η0 = 3 and decreasing
central values of the boson field φ0 = 0.4, 0.2, 0.1 together with the function 1− 2|x|/pi, which is proportional to the
function fE of the symmetrized Ellis wormholes. We note that there is hardly any difference between the functions
discernible. In order to illustrate the difference we have to zoom in considerably, as illustrated in the inset of the
figure.
Assuming that in the limit ωs → 0 the metric function behaves like f(x) = ln(ω2s/m2bs)(1 − 2|x|/pi), we conclude
that the mass behaves likeM/η0 = − ln(ω2s/m2bs)/pi. This is demonstrated in Fig.11(c) where we exhibit the quantity
1 +Mpi/
(
η0 ln(ω
2
s/m
2
bs)
)
versus the square root of the boson frequency
√
ωs for small values of ωs. For ωs → 0 this
quantity indeed goes to zero.
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